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The prodution possibility frontier

Discussion and derviation

A firm is described by its production technologies, methods for transforming input factors (such as labor and
capital) into output commodities (such as coffee, computers, or linen). If the firm is operating efficiently, it
is intuitive that it will not use any more of its input factors than it must, since ostensibly it has to pay for
the use of labor and capital and overuse will cut profits.

Suppose, however, that the supply of labor and capital in the economy is fixed; the notion of “efficient
production” is then not so intuitively defined, since what is efficiency when the factors to be used are fixed?
However, the nature of production in an economy with more than one commodity is such that there is a
tradeoff between production of various goods: resources may be allocated to production of any good, so it
makes sense that this allocation of resources will maximize production in some sense.

Fix the labor supply at L and the capital stock at K, and let  and y be the goods to be produced. We are
given production technologies
x:F(KraLz)a y:H(KyaLy)

Factor market clearing tells us that labor used in production must equal total labor supply — L, +L, = L —
and capital used in production must equal total capital stock — K, + K, = K. The question we now pose is
this: given a level of x we would like to produce, what is the mazimum amount of y which can be produced?
Notice that this is not maximization of production in any proper sense, but rather the maximization of the
production of one good subject to the production level of another; this is not altogether a ridiculous question
since, in general, there are many combinations of K, L, which will obtain the same overall level of z in
production.

In lecture and in the text, a method which seems much different for obtaining the production possibility
frontier appears. We’ll now show that they are equivalent to this more intuitive notion of conditional
maximization. To begin, we setup a constrained optimization problem,

pax H (Ky, Ly)
st. x=F(K,, L)

K=K, +K,
L=1L,+L,

From this, we obtain a Lagrangian

L = H(K,, L)+ AF (Ko, Ly) — @) + purc (Kp + Ky — K) + pp, (Ly + Ly — L)

First-order conditions give us

g;i 0 0= AFk (Kg, L) + px
gi © 0= AFL (Ky, Le) + pr
g;zi 0= Hg (Ky,Ly) + px
g}ii 0=Hy (Ky, Ly) + pL

Substituting out the Lagrange multipliers uy, uz, we find

0= Hg (Ky,Ly) — AMFg (Kw,L$)
0=Hp (Kvay) — AP (Kvay)
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which is the same as

Hg (Ky,Ly) = A\Fg (Kz,Lz)
Hy, (Kyv Ly) = AFp (Kyv Ly)

Dividing the second equation by the first, we get

By the factor market clearing conditions, this becomes

Hp (K — Ky, L—Ly)  Fp (K., L)

Hyg (K — K,,L —L,) Fg(Ky,Ly)

By definition, Hy, is MPL, and Hg is MPK, (and similarly for F' and z); recall that marginal products are
given by the derivative of production with respect to a particular input factor. Then the above equation is

MPL, MPL,

MPK, MPK,

MPL;
MPK;

The marginal rate of technical substitution for some good i is RTS; = — . Then the above equation is

equivalent to
RTS, = RTS,

This equality is evaluated subject to factor market clearing; this is precisely the formula given in the book
and discussed in lecture!

An example

Consider a firm which has access to K = 3 units of capital and L = 2 units of labor. It owns the production
technologies

What is the production possibility frontier?
As above, we being by finding the marginal rate of technical substitution for both goods. We find

or dy
MPK; = -7 MPK, = —
0K, Y 0K,
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MPL MPL
TS, = — i TS — — y
RTS MPK, RTS, MPK,,
_Ke _ (B
L, 2\ L,
When we equate RTS, = RTS,, we find
K, 1 /K,
o - 2K,L,=K,L,
v (1) -5

Factor market clearing conditions tell us Ky = K — K, =3~ K, and Ly = L — L, = 2 — L,. Plugging in,

2K, (2— Ly) = (3— K,) L,

= 4K, —2K,L, =3L, — K, L,
— 4K, = 3+ K,) L,
4K,
— L. =
T34 K,

This gives us an explicit form for x,

1 1
L AK, \? 4\
= K2 - K,
. <3+Kz> <3+Kz)

Although the form for y is slightly more involved, it is still directly computable
1 1
4K, \3 2 (6—2K,\?
2 — =(3-K,)? [——=
( 3+ Kz) ( ) ( 3+ K, )
At this point, we have a parametric form for the production possibility frontier,

(2,3 = ((H“Kz)ém,(?»—m)' (i‘ﬁf))

To obtain the production possibility frontier we can vary K, between 0 and K = 3 and see what points come
out. In general, this should be a sufficient answer and will give more than enough information for plotting
the production possibility frontier on a calculator.

o

y:(g_K:v)

o

However, often we have the ability to solve explicity for y in terms of z. While it’s not obvious that we can
do this here, it’s worth the exercise to see how it can be done. From our equation for x, we know

4
2 2 2 2 2
— 4 _ - — —
x —<3 x)KI == K, —z°K 3z° =0

Following the quadratic equation, this gives us values for K, as the roots of the above polynomial,

2 + Vat + 4822

K, =
8

Since vo? + 4822 > 22, only the + root of this equation will be valid. We must then have

22 + xv/x? + 48

K, =
3
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When we substitute this into our equation for y, we get

2 1
B 3 I2+$‘/$2+48 3 6_2‘”2‘“177 \/8I2+48 3
y= o 8 3+ 2242/22+48
8

This form simplifies dramatically to

(242 V2?1 48\ (48 —22° —22Va? 1 48 °
Y 8 24 + 22 4+ xv/x? + 48

which in turn is

Wl

1 —
v=1{/5 (24 N 48) (24 Ty N 48)

Production possibility frontier
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Figure 1: production possibility frontier; the black curve is a straight line, and serves to show that the PPF
in this setup bows out slightly.
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An exchange economy

Before discussing general equilibrium, we consider a simpler setup in which agents trade goods to one
another and there is no production; this is referred to as an exchange economy. The most basic case of such
an economy has two consumers and two goods: with fewer consumers there is no one to trade with, and
with fewer goods there are no goods to trade for! In these setups, we are given agent utility functions and
endowments, and are asked to find final consumption and prices.

As an example, consider two consumers, A and B, and two goods, x and y; utility functions are given by

2 1 1oz
ua(wa,ya) =x3ysy  us(TB,yB) = THyp
Endowments are 2, y2, 2, y5; this leads to budget constraints for the consumers,

PaTA + PyYa = DuTl + Pyyl Dot + Pyyn = Patl + pyyl

To obtain prices and consumption, we setup the agents’ maximization problems and solve; we will then
need to apply market clearing conditions to make sure consumption is in order. While maximizing these
problems straight-up is not an issue, it would be simpler to do so without the exponents. We can abuse a
neat mathematical fact to do this: maximizing any monotonic increasing function of utility is identical to
maximizing utility. That is, rather than maximize utility itself, we can apply maximization to an increasing
transformation of utility; if this transformation makes the maximization simpler, we’re doing alright.

The standard transformation with Cobb-Douglas utility is to take logarithms. We have

2 1 1 2
Inua(za,ya) = glnxA + glnyA Inug(zp,yp) = glan + glnyB

To solve the consumers’ problems, we setup a Lagrangian (we solve only A’s problem, since B’s solution will
follow by rough symmetry),

2 1
Ly = 3 Inzg + 3 Inya+ A (pmxf + Pyyd — PaTa — pyya)
0% 2
A 0=——Aps
ora 3T 4
0% 1
: 0=—-Xp
ya 3ya Y
Substituting through for A, we find
2 . 2
Wa _pe . 2PyUa
TA Dy Dz
Similar logic will obtain, for consumer B,
YB _ Pz — 5= PyYB
2zp Dy 2Dy

Appealing to the agents’ budget constraints, for A we find

_ pad +pyyl

2pyya
Do (y +pyya = pert +pylt = ya 3
Yy

x
Similarly, for B

2 (poxl + pyyd)
3py

PyYB
P < 2yp ) +pyys =paxl +pyl = yp=
T
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In turn, this gives us consumption of x as

2 (pwxf +pyyé4) tp = pmxf +pyy5

rpA —
3D 3Dz

This is a general feature of Cobb-Douglas utility: equilibrium budget shares are proportional to the exponent
associated with the good in utility. As we see here, % of agent A’s spending power is dedicated to consumption
of good x, and % is dedicated to good y.

Lastly, we use market clearing conditions to pin down prices in terms of one another.
xf + xeB =TA+TB
2 (Pae +Pyy2) | patd +pyyd
3Dz 3py
pa (202 + 28) + by (25 + )
3P
3px$? + 3px$f = Dz (217;4 + 335) + Dy (2%4 + yf)
Pl + 2ppxl = 2pyylt + pyyl

1 11

pe _ 298 + 4l

Dy o oaf 42l
Substituting in to our demand equations, we find
_(2). a 2 Py a
= (5) 2+ (5) ()
2 2 A4 228
—(2)aA4 (2 Te + 2T yA
3 3) \2y2 +yP

_ Aadyd + 220yl + 200yl + dalyl
6y +3y2

Descriptions of other consumption variables will follow analogously.

Since there is always one price free (or normalizable) in the description of equilibrium, we now have a full
characterization:

_ 6yl + 208yl + dalyl _ 2elyl + alyl + 320yl

T A B
6y + 3yP 6yA + 3yB

. A T g = Wewe +20we + bylad
3zA + 6xB B 3zA + 628

P _ 292 +yP
py =zl +2z8

When calculating equilibrium parameters, it is often helpful to leave things a little simpler than this; generally
if you can phrase everything in terms of the price ratio you are well-set to obtain numerical answers to a
question.

As a follow-up question, what happens to prices, allocations, and utility (and what is the intuition) when:

ozl =al =yt =yl=1
° xfzxle,yﬁzyfz?
et =yt=128=9yB =14
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General equilibrium

An equilibrium is described by prices p > 0' and allocations Z such that

(a) Allocations are feasible (only positive quantities of goods and factors are consumed or utilised)
(b) Markets clear (for both consumption goods and productive factors)
(c) Agents are maximizing utility subject to their budget constraints

)

(d) Firms are maximizing profits

With this in mind, when we are asked to find equilibrium in an economy we are being asked to list the prices
and allocations which support an equilibrium.

Solving for equilibrium involves a lot of algebra, a bit of calculus, and patience. There are tricks to solving
particular models, but they are ad hoc and not generally applicable so we won’t discuss them here. The only
real way to get comfortable with general equilibrium is practice, so let’s proceed with an example problem.

There are C capitalists and W workers in an economy. All agents are endowed with 1 unit of labor, and
capitalists also have 1 unit of capital apiece. We have production functions for goods b and g,

11
g=Ke+1Lg b=KjLj

Agent utility is given by
12 ER
Ue (bcagc) =b8 9c, Uy (bwagwagw) = b&gifi

So capitalists enjoy g slightly more than b, and workers enjoy b slightly more than g (relatively speaking; in
an absolute sense, this depends on where they are in their margins).

Equilibrium is described by prices and quantities. We therefore work to find prices on all goods —
PK,PL, Db, Pg — and consumption/production levels — b, b, by, g, g, gw of commodities and K, Ky, Ky, ke,
L,Ly, Ly, 0., ¢, of productive factors — that solve the definition of equilibrium listed above.

We begin looking for equilibrium by applying a few intuitive arguments. Since within each type all agents
are identical, this equilibrium should have a symmetric structure; all workers have the same consumption
and labor supply, and all capitalists have the same consumption and labor supply. With this in mind, the
factor market clearing conditions are

W€w+C€C:Lb+L9, CkC:Kb-l—Kg
and commodity market clearing conditions are

b:Cbc+wa7 g:Cgc+Wgw

Notice that labor and capital are both supplied inelastically in this model! That is, agents realize some
income from wages (and, if they are capitalists, from rents) but are otherwise unaffected; utility does not
decrease when working or renting out capital. Since a greater budget is better and allows more purchasing
options, agents will provide as much of each productive factor as they have at their disposal. That is,
. =k.=1 and £, = 1; so we can now restate the factor market clearing conditions as

Lb+Lg=W+O, Kb+Kg=C

1 Aside: there are some fairly general conditions under which all prices must be strictly greater than 0; although I can by no
means guarantee this, my intuition is that all questions we will see in this class will have this feature.
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The worker’s problem

We need to start somewhere, so we begin with the worker’s problem; we turn to calculus to help uncover
relationships between variables. The problem of an individual worker is

2 1
, maxe bibgd, s.t. by + Pgguw = Prlw
wsGw L

We have already reasoned that ¢,, = 1, so we can rephrase the optimization as

2 1
max b g, s-t. Ppbuw + Dggw = PL
wrJw

Now, we could solve this problem using a Lagrangian or through direct substitution; but, since we know
that utility in Cobb-Douglas form has consumption’s share of budget proportional to the exponent (see the
previous exercise with an exchange economy) we know

_ 2L _ P
v 3pp v 3pg

The capitalist’s problem

The capitalist’s problem is given by
12
, max b2gé, s.t. pybe + pggec = prke +prle
e geske,Le
We have already reasoned through k. =1 and ¢, = 1, so we can simplify the optimization to

1 2
max bégé, s.t. ppbe +Dgge = Px +pL
csGc

As is the case in the worker’s problem, this is a Cobb-Douglas form so we know that consumption levels will

be
_Pr+tpr 2(px +p1)

b _
¢ 3pp 3pg

c =

The firm’s problem

With access to two production technologies, the firm solves

11
max pp K L +pg (Kg+ Ly) — px (Kb + Ky) — pr (Ly + Ly)
We can apply some intuition to a few price relations:

e Suppose p; > pr. Then for every unit of g produced using K, as input, positive profit is obtained;
the firm’s profit-maximizing consumption of K is then infinite! This will certainly violate the capital
market clearing condition, so we cannot have p; > pg; it must be that py, < pk.

e Suppose pgy > pr. Similar logic to the above will hold; it must be that py < pr.

e Suppose py < px and py < pr. Then the firm realizes a loss for every unit of g produced; it will then
choose g = 0. But by the equation for demand, g = 0 only if p,, = +00; this contradicts the notion
that p; < px and py < Pr! So we cannot have both py; < px and py < pr: at least one of px or py,
equals pg.
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This method of obtaining restrictions on prices works only because we have a production function for b which
permits a neat, linear comparison. With regards to the production of b, we cannot apply any such logic; it

is necessary to use calculus to determine tradeoffs between production and expenditure. We see

N T

Q- 0= K %7
oL, = - P\ur, br

From these equations, we obtain

K, K
pL—< b)pK = o
pr Ly

Putting it all together

From the demand conditions for the agents together with the commodity market clearing conditions, we

know
Wb, — 2Wpr, Cb, — Cpr + Cpk
3ps ‘ 3pp
W — Wpy Coo = 2(Cpr + Cpk)
3pg 3pyg

Appealing to our earlier discussion of the firm’s problem, we reduce prices to three cases:

® py < pr. Then py; = px. Further, L, = 0 so L, = W + C. Solving through aggregate demand for b,

wa+CbC=W<2m> +C<“+pK>
3pp 3py - 3y

_W RN (BN (L

3\ L 6 |\ L K,

LW K NP Ol K\ (WO

- 3 \W+C 6 [\W+C K,
From market clearing, we know b = K b% Lb% . Then we have

1 1 w K, % C
KZ(W +C)? < ° > +5

K, %+ W+C\?
wW+C Ky

3 \W+0C
— (W +C)? = w_,_¢ +Cm
3vW +C  6vyW+C 6K
<= 1= W + ¢ +£
3W+C) " 6(W+C) ' 6K,
— 0:1_<2W+C>
6K, 6(W +C)
— O _4W+5C
6K, 6W +6C
— _cw+0)
4W + 5C
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From factor market clearing, we know then that

C(W +C)
Ky =0~ ( 4W+5C)
C(4W +5C) — C(W + C)
AW +5C
C(3W +40C)
AW +5C

Since Ly = 0, this gives us g directly.
As a final check, we have assumed that px < pr. Then by equation (1), we need

Ky

— >1
Ly

Verifying against our determined levels of capital and labor,

K, C(W +C) C

Ty @AW H5C) (W +C)  4W +5C ©

1

So the prices arising in this equilibrium contradict our assumptions; this cannot be an equilibrium,
and we will never see p, < pr!

Why might this be the case?” Consider the fact that while only one type of agent is supplied with
capital, both types of agents are supplied with labor. Although this is by no means a mathematical
argument, it follows that labor will, in general, be the less dear factor of production as it is supplied
inelastically by all members of the economy. Since p, < pr implies px < pr, relative dearness of
capital violates the pricing assumption above.

® p, = Pk, Pg = pr. From equation (1) it follows that K, = Ly; the total production of b is then
b= K, = L,. We know that aggregate demand for b is

2
Why + Chy = W (PL> L <PL+PK)
3Py 3Pp

= 2w +0) (”)

Dy
2 1
- é(vwc*)

Then K, = Ly = é(W + C). Since C = K, + K;, we have then that

20 -W

K, 3

It follows that for this equilibrium to be valid, we must have W < 2C (otherwise K, is negative!)
As we found K, above, we find L, according to clearing constraints,

Ly=(C+W)—Ly— %(WHJ)
Total g production is then

AC+W
3

FEBRUARY 28, 2011 10



EcoNoMiIcs 101: HANDOUT 4 KYLE WOODWARD

e py < prx. Then p, = pr. Further, K, = 0 so K, = C. Turning again to aggregate demand for b, we
find

wa+0bc—w(2“>+c(“+pl()

_W O\,
T3\ L,

11
From market clearing, we know b = K;? L7 . Then we have

1
Mi 2
KPL} = — (C) +%

Y55l ()]

L WCE 0% Lo

= C2L
b 5 "6 "6
W C L
Iy — 4 2=
= b 3+6+6
2W + C
= Ly =
5
It follows that
Ly=L—-1L
2W +C
:(W+C)_T
_3W+4C
N 5
Since K, = 0, we know g = %.

Having assumed px > pr, we need IL(—Z < 1. This is checked as

K __C
Ly

K,

Ly
— 5C < 2W +C
= W > 2C

<1

Then this equilibrium is valid when W > 2C. That is, when the number of workers is sufficiently large
relative to the number of capitalists, we will see the price of capital rise above the price of labor.

How can we summarize these results? We tabulate what we’ve found on the basis of the necessary relation-
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ships between W and C' to support different equilibria.

W <2C 20 < W W <2C 20 < W

DK DK DK b (C+W) M) 3
5C 3 5
pr PK (2W+C) PK b (1) 1 2W+6C )
1 c 1 1 -
y23 2pK 2 m‘r}ic : DK 3 6 aC(2W+C%’)
1 1 5C

S € P I TR 1 €5
L| C+wW C+W g | ( 3 ) 2( wé%g
Ly | (o50) (o) | (1) 3R
Lg (QC—EZW) (3W;—4 ) Juw (Sg) i
K ¢ c Ue ( ‘/SE) a mess
Ky (CEW C 1
K, <”5“)> 0 wo | (3) V(we)’

That is a more-than-thorough answer to the question. In general, it will be clear what is being asked for
in the question — prices, quantities, etc. — so everything should not need to be tabulated. But a full
description of the economy requires all variables to be accounted for.

It is obviously tough to keep track of all cases, equations, and variables. The best tip here is to keep organized
and consider cases one at a time. As far as I can tell, there are no real tricks to solving general equilibrium
problems, only a willingness to work through the algebra. If you work back through the question above,
you can see that if we try to use the market clearing condition for good g we wind up mired in a morass of
square roots; we can get the same answer by going this direction, but it is not as clean as using the market
clearing condition for b (“clean” here in the relative sense). How can you recognize that this is the case?
Frankly, by solving the question. If you get stuck or start getting forms that look unholy, try approaching
a different clearing condition. As I was working through this problem, I initially solved for ¢ until it proved
too tedious. Solving for b was much simpler.

The advice for solving general equilibrium problems is then twofold: be patient, and don’t be so attached to
your approach that you’re unwilling to try a different tack.

A note on maximization

It was mentioned in section that maximizing a function f is the same as maximizing some strictly increasing
function g of f. To make this look a little more concrete, suppose x* is such that

f (a*) = max f (z)
That is, £* maximizes f.

Let g be a strictly increasing function, and suppose that there is some z’ such that

gof(a')>gof(z")

Now, since g is strictly increasing it is uniquely-valued and hence invertible. Moreover, this inverse is also
strictly increasing (for an illustration of this — but not a proof — think of the graphs of y = = (which is its
own inverse) or of y = 2% and y = /z). If @ > b and h is a strictly increasing function, then h(a) > h(b); we
apply this logic to see that
g logof(z)>gtogof(a)
Which will hold if and only if
@) > f(z)
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But this contradicts the statement that z* solves max, f(z)! So we cannot have that g o f(z') > g o f(z*),
and z* must also maximize g o f(z).

Where is this useful? Often it is helpful to transform utility functions to find optimum consumption (think
about why we, in general, cannot do this with production functions in any regular way). Suppose we are
given a Cobb-Douglas utility function, u(z,y) = z%y'=%. Although by now we are all familiar with solving
this optimization, it’s kind of messy; this is even more true as we add consumption goods. In this case, we
note that In is an increasing function, so we can just as well optimize In ou(z, y); that is, we can solve

max Inou(z,y) = maxalnz + (1 —a)lny

T,y z,Y
This problem is much simpler to optimize on paper, since consumption goods no longer affect each other’s
optimization.

Further, we can use this trick to see that some utility functions are more familiar than we might think.
Suppose u(x,y) = x™y™ for some m,n € N. Again, this optimization is a little messy on paper; we could
apply the logarithm trick from above, but to appeal to intuition we’ll do something slightly different. Notice
that f(u) = wE is a strictly increasing function. Then maximizing the utility above is equivalent to solving

max f o u(z,y) = max min ymin = max xminyl " min

z,y T,y z,Y
So solving this utility form is equivalent to solving a Cobb-Douglas utility form! Since we know that Cobb-
Douglas consumption expenditure is proportional to the exponent on the good, we don’t even need to perform
any real calculus here and can safely plug into a known formula.
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